Abstract. We continue work on topological free entropy dimension δtop in [20] , [21] , [17] . We introduce the notions of MF-trace, MF-ideal, and MFnuclearity and use these concepts to obtain upper and lower bounds for δtop, and in many cases we obtain an exact formula for δtop. We also discuss semicontinuity properties of δtop.
Introduction
This paper is a continuation of the work in [20] , [21] , [17] on D. Voiculescu's topological free entropy dimension δ top (x 1 , . . . , x n ) for an n-tuple x = (x 1 , . . . , x n ) of elements in a unital C*-algebra. Our main results concern the new concept of an M F -trace on an M F C*-algebra. We prove that the set of M F -traces is nonempty, convex and weak * -compact. We use M F -traces to obtain an important lower bound for δ top (x 1 , . . . , x n ). In particular if C * (x 1 , . . . , x n ) either has no finite-dimensional representations or infinitely many inequivalent irreducible representations, then δ top (x 1 , . . . , x n ) ≥ 1. We also define the M F -ideal of an MF C*-algebra A to be the set J MF (A) of all x ∈ A such that τ (x * x) = 0 for every M Ftrace τ . We show that often δ top depends on A/J MF (A). Additionally, we define the notion of an MF-nuclear C*-algebra and show that δ top (x 1 , . . . , x n ) ≤ 1 when C * (x 1 , . . . , x n ) is MF-nuclear, greatly extending our previous result [17] showing that δ top (x 1 , . . . , x n ) ≤ 1 when C * (x 1 , . . . , x n ) is nuclear. If C * (x 1 , . . . , x n ) is MF-nuclear and residually finite-dimensional (RFD), then δ top (x 1 , . . . , x n ) = 1 − 1 dim A .
We also introduce and study two important classes of M F algebras, and we prove a semicontinuity result for δ top restricted to the second class of algebras. The organization of the paper is as follows. In section 2 we recall Voiculescu's definition [44] of topological free entropy dimension and previous results from [20] , [21] , [17] . In section 3 we introduce MF-traces and the MF-ideal. In section 4, we introduce the notion of an MF-nuclear C*-algebra. In section 5 we prove a general lower bound for δ top (x 1 , . . . , x n ). Finally, in section 6, we introduce two 2000 Mathematics Subject Classification. Primary 46L10; Secondary 46L54. Key words and phrases. topological free entropy dimension, C*-algebra, noncommutative continuous function, free product. This paper is in final form and no version of it will be submitted for publication elsewhere.
classes of MF C*-algebras: the class S of those algebras for which every trace is an MF-trace, and the class W of those C*-algebras whose MF-ideal is trivial. In this section we also prove a semicontinuity result for δ top (x 1 , . . . , x n ) inside S ∩ W, and we provide examples that show that this semicontinuity generally fails without severe restrictions.
Definitions and Preliminaries
In this section, we are going to recall Voiculescu's definition of the topological free entropy dimension of n-tuples of elements in a unital C*-algebra.
We often use tuples like (y 1 , . . . , y n ) and use y to denote them. We use the notation y and (y 1 , . . . , y n ) interchangeably. So A denotes (A 1 , . . . , A n ).
Notation for the GNS Representation.
Suppose τ is a tracial state on a unital C*-algebra A. Then there is a Hilbert space H, a unit vector e ∈ H, and a representation π τ : A → B (H) such that π τ (A) e is dense in H and, for every a ∈ A, τ (a) = (π τ (a) e, e) .
We define the faithful normal traceτ : π τ (A) ′′ → C byτ (T ) = (T e, e).
Covering Numbers and Box Dimension for a Metric
Space. Suppose (X, d) is a metric space and K is a subset of X. A family of balls in X is called a covering of K if the union of these balls covers K and the centers of these balls lie in K. If ω > 0, then the covering number ν d (K, ω) is the smallest cardinality of a covering of K with ω-balls. Equivalently, an ω-net in K is a subset E ⊆ K such that, for every x ∈ K there is an e ∈ E such that d (x, e) < ω. Then ν d (K, ω) is the minimum cardinality of an ω-net in K. The (upper) box dimension (Minkowski dimension) of K is defined as dim box (K) = lim sup
Here is a list of useful results. For an elementary account of these ideas see [5] .
Lemma 1.
(1) If · is any norm on R k , ω > 0 and B is the closed unit ball,
(2) If E is a bounded subset of R k with positive Lebesgue measure, then dim box (E) = k. (3) If U k denotes the group of k × k unitary complex matrices, and ω > 0, then 1 ω
Covering Numbers in (M k (C))
n . Let M k (C) be the k × k full matrix algebra with entries in C, and τ k be the normalized trace on M k (C), i.e., τ k = 1 k T r, where T r is the usual trace on M k (C). Let U k denote the group of all unitary matrices in M k (C). Let (M k (C)) n denote the direct sum of n copies of M k (C). Let M sa k (C) be the subalgebra of M k (C) consisting of all selfadjoint matrices of M k (C). Let (M sa k (C)) n be the direct sum (or orthogonal sum) of n copies of M sa k (C). Let · be an operator norm on M k (C) n defined by
For every ω > 0, we define the ω-
There is a very deep result of S. Szarek [39] (see [5] for an account of this result) concerning these covering numbers.
Proposition 1. [39]
For each positive integer n there is a C n > 0 such that, for every k ∈ N, and every bounded set E ⊆ M k (C) n , and every ω > 0, we have
Unitary Orbits of Balls in
For every ω > 0, we define the ω-orbit-
n such that there exists some unitary matrix
Definition 4. Suppose that is a subset of M k (C) n . We define o 2 ( , ω) to be the minimal number of ω-orbit-· 2 -balls that cover in M k (C) n .
2.5. Noncommutative Polynomials. Let C <X 1 , . . . , X n > be the unital noncommutative polynomials in the indeterminants X 1 , . . . , X n . Let {P r } ∞ r=1 be the collection of all noncommutative polynomials in C <X 1 , . . . , X n > with rationalcomplex coefficients, i.e., coefficients in Q + iQ.
2.6. Moments and Voiculescu's Microstates Space. Suppose M is a von Neumann algebra with a faithful normal tracial state τ and x 1 , . . . , x n are selfadjoint elements of M such that M = W * (x 1 , . . . , x n ). Suppose m (t 1 , . . . , t n ) is a monomial in free variables t 1 , . . . , t n . The m th moment of x = (x 1 , . . . , x n ) is defined as
Suppose N is a von Neumann algebra with a faithful normal trace ρ and N is generated by y 1 , . . . , y n . The following fact shows how the moments contain all the information about the algebras.
Proposition 2.
The tuples x and y have the same moments, i.e., for every monomial m,
if and only if there is a normal * -isomorphism π : M → N such that
If N is a positive integer and ε > 0, we say that ( x, τ ) and ( y, ρ) are (N, ε)-close if |τ (m (x 1 , . . . , x n )) − ρ (m (y 1 , . . . , y n ))| < ε for all monomials m with degree less than or equal to N .
If N and k are positive integers and ε > 0, we define
to be the set of all selfadjoint tuples A = (A 1 , . . . , A n ) of k × k complex matrices such that A ≤ R and ( x, τ ) and A, τ k are (N, ε)-close.
Voiculescu's Free Entropy Dimension.
If M is a von Neumann algebra with a faithful normal trace τ and selfadjoint generators x 1 , . . . , x n , and R ≥ (x 1 , . . . , x n ) , we define the free entropy dimension of x by
which turns out to be independent of R. It follows from Szarek's result, Proposition 1, that the definition of δ 0 remains unchanged if we replace ν ∞ with ν 2 .
If we are dealing with more than one trace, we use the notation δ 0 (x 1 , . . . , x n ; τ ) .
2.8.
Voiculescu's Norm-microstates Space. Suppose A is a unital C*-algebra generated by selfadjoint elements x 1 , . . . , x n , and suppose {P 1 , P 2 , . . .} are the polynomials in n free variables with rational-complex coefficients. We replace the moments in the von Neumann algebra setting with norms of polynomials,
It is easy to see that the analogue of Proposition 2 holds.
We say that x and y are topologically (N, ε)-close if
For all integers r, k ≥ 1, and ε > 0, and noncommutative polynomials P 1 , . . . , P r , we define Γ top (x 1 , . . . , x n ; k, ε, P 1 , . . . , P r )
to be the subset of (M sa k (C)) n consisting of all the
n that are topologically (r, ε)-close to x, i.e., satisfying
2.9. Voiculescu's Topological Free Entropy Dimension. Define
to be the covering number of the set Γ top (x 1 , . . . , x n ; k, ε, P 1 , . . . , P r ) by ω-· -balls in the metric space (M sa k (C)) n equipped with operator norm.
Definition 5. The topological free entropy dimension of x 1 , . . . , x n is defined by
For each positive integer N, define P N (t 1 , . . . , t n ) to be the set of all p in C <X 1 , . . . , X n > of degree at most N and whose coefficients have modulus at most N . If k ∈ N, and ε > 0, we define Γ top (x 1 , . . . , x n ; N, ε, k)
to be the set of all (A 1 , . . . , A n ) ∈ M n k (C) such that p ( x) − p A < ε for every * -polynomial p ∈ P N (t 1 , . . . , t n ). It was shown in [20] that
It follows from a result of S. Szarek [39] (see [5] for an exposition) that the above definitions of δ top remains unchanged if we replace ν ∞ with ν 2 .
2.10. MF-algebras. We note that the definition of δ top (x 1 , . . . , x n ) makes sense if and only if, for every ε > 0 and every r, k 0 ∈ N, there is a k ≥ k 0 such that Γ top (x 1 , . . . , x n ; k, ε, P 1 , . . . , P r ) = ∅. In [17] we proved that this is equivalent to C*(x 1 , . . . , x n ) being an M F C*-algebra in the sense of Blackadar and Kirchberg [2] . A C*-algebra A is an MF-algebra if A can be embedded into
M m k (C) for some increasing sequence {m k } of positive integers. In particular C * (x 1 , . . . , x n ) is an M F -algebra if there is a sequence {m k } of positive integers and sequences {A 1k } , . . . ,
for every * -polynomial p (t 1 , . . . , t n ).
When the above holds for every * -polynomial p, we say that the sequence A k = (A 1k , . . . , A nk ) converges to x = (x 1 , . . . , x n ) in topological distribution, and write
2.11. Noncommutative Continuous Functions. The algebra of noncommutative continuous functions of n variables was introduced and studied in [15] . Basically, it is the metric completion of the algebra of * -polynomials with respect to a family of seminorms. There is a functional calculus for these functions on any n-tuple of elements in any unital C*-algebra. Here is a list of the basic properties of these functions [15] :
(1) For each such function ϕ there is a sequence {p n } of noncommutative * -polynomials such that for every tuple (T 1 , . . . , T n ) we have
and the convergence is uniform on bounded n-tuples.
is the set of all ϕ (T 1 , . . . , T n ) with ϕ a noncommutative continuous function. (3) For any n-tuple (A 1 , . . . , A n ) and any S ∈ C * (A 1 , . . . , A n ) , there is a noncommutative continuous function ϕ such that S = ϕ (A 1 , . . . , A n ) and
. . , T n are elements of a unital C*-algebra A and π : A → B is a unital * -homomorphism, then
for every noncommutative continuous function ϕ.
It is clear that if
. . , x n ) for every noncommutative continuous function ϕ.
Change of Variables.
The following change of variable theorem was proved in [20] . Theorem 1. Suppose x 1 , . . . , x n , y 1 , . . . , y m are elements of a unital C*-algebra A and there are noncommutative continuous functions ϕ 1 , . . . , ϕ m in n variables. Suppose also that
M > 0 and all operator n-tuples a, b with norm less than
top . In this section we discuss D. Voiculescu's notion of semi-microstates Γ top 1/2 (x 1 , . . . , x n ; p 1 , . . . , p r , ε, k) and the corresponding invariant δ
is an MF-algebra, they are equal.
The following result was pointed out by Voiculescu [44] .
The following result from [21] simplifies some the lower bound estimates in [20] .
3. MF-traces 3.1. Basic Properties.
is an MF C*-algebra. A tracial state τ on A is an M F -trace if there is a sequence {m k } of positive integers and sequences {A 1k } , . . . , {A nk } with A 1k , . . . , A nk ∈ M m k (C) such that, for every * -polynomial p,
Recall that if (1) above holds for every * -polynomial p, we say that the sequence A k = (A 1k , . . . , A nk ) converges to x = (x 1 , . . . , x n ) in topological distribution, and write
and when (2) above holds, we say that A k , τ m k converges to ( x, τ ) in distribution, and write
We let T S (A) denote the set of all tracial states on A and T MF (A) denote the set of all MF-traces on A.
Remark 1. It is easily seen that if
−→ x, then, for every noncommutative continuous function ϕ (t 1 , . . . , t n ) , we have
Indeed, if ε > 0, then, by [15] , there is a polynomial p such that
which is clearly less than ε when k is sufficiently large.
The following lemma is obvious.
is a unital M F -algebra and τ is a tracial state on A. Then τ ∈ T MF (A) if and only if, for every ε > 0 and every finite set F of * -polynomials, there is a positive integer k and
We say a tracial state τ on a unital C*-algebra A is finite-dimensional if there is a finite-dimensional C*-algebra B with a tracial state ρ and a unital * -homomorphism π : A → B such that τ = ρ • π. Then there are positive integers s 1 , . . . , s w , nonnegative numbers t 1 , . . . , t w with w j=1 t j = 1, and unital * -
(4) A tracial state ψ on A is in T MF (A) if and only if there is a free ultrafilter α on N, and a unital * -homomorphism π :
Proof. (1). It follows from the preceding lemma that T MF (A) is weak*-closed. For convexity it suffices to show that (τ + ρ) /2 ∈ T MF (A) whenever τ, ρ ∈ T MF (A). Choose sequences {m k } and {s k } of positive integers and
−→ x and such that, for every * -polynomial p, we have
−→ x and, for every * -polynomial p, we have
Hence T MF (A) is convex. (2) . Suppose τ is a finite-dimensional trace on A. Then there are positive integers s 1 , . . . , s w , nonnegative numbers t 1 , . . . , t w with w j=1 t j = 1, and unital * -homomorphisms π j : A → M sj (C) , for 1 ≤ j ≤ w, such that, for every a ∈ A, we have
Since T MF (A) is weak*-compact, it is sufficient to consider the case where each t j is a rational number, i.e., t j= uj vj with u j , v j ∈ N. Thus there is a positive integer N and a representation π : A → M N (C) such that, for every a ∈ A, τ (a) = τ N (π (a)). Since A is M F , there is a sequence {m k } of positive integers and sequences {A 1k } , . . . , {A nk } with A 1k , . . . , A nk ∈ M m k (C) such that, for every * -polynomial p,
For each k ∈ N, and each j, 1 ≤ j ≤ n, define
where
−→ x and that
(4). This is an immediate consequence of statement (3) and Lemma 2. (5). This follows from (4). (6). We know from [22, Proposition 3.2] that
A ⊗ min B is MF. Also there is a natural surjective * -homomorphism π : A ⊗ ν B → A ⊗ min B. Since α ⊗ β factors through π, it follows from part (3) of this proposition that we need only show that α ⊗ β ∈ T MF (A ⊗ min B). However, the proof of [22, Proposition 3.2] easily yields this fact.
3.2. The MF Ideal. We know [17] 
for any generating set {x 1 , . . . , x n }. This is because any trace on A must vanish on K ℓ 2 . We want to investigate this phenomenon further. Suppose A is an M F -algebra. We define the MF-ideal of A as
It is easy to describe the elements of J MF (A) in terms of noncommutative continuous functions. Recall from [15] that
ϕ is a noncommutative continuous function} .
Lemma 3. Suppose A = C * (x 1 , . . . , x n ) and ϕ is a noncommutative continuous function of n variables. The following are equivalent:
(
−→ x, we have
(3) For every ω > 0, there is an ε 0 > 0, N 0 , k 0 ∈ N, such that, for every 0 < ε < ε 0 , k ≥ k 0 , and N ≥ N 0 , and for every A ∈ Γ top ( x; N, ε, k), we have
Proof. The equivalence of statements (2) and (3) is obvious, as is the equivalence of statements (1) and (2) .
Since, with respect to the · 2 -norm in the topological Γ-sets, the elements corresponding to the elements of J MF (A) converge to 0, it might seem that δ top may only depend on A/J MF (A). However, one possible complication is that A/J MF (A) might not be an M F -algebra. Here are two sample positive results.
For the next theorem we need to set up some notation. Suppose k is a (large) positive integer and d 1 ≤ · · · ≤ d s are positive integers. Suppose m 1 , . . . , m s are nonnegative integers such that
We define a (not necessarily unital) * -homomorphism
⊕0 is the block diagonal k ×k matrix whose blocks are m 1 copies of A 1 , followed by m 2 copies of A 2 , . . . , followed by m s copies of A s with the remaining block (if any) consisting of a zero matrix. We call such a representation ρ a canonical representation of M d1 (C)⊕· · ·⊕M ds (C) in M k (C) . Note that the canonical representation ρ is completely determined by the choice of m 1 , . . . , m s , and so the number of canonical representations is no more than k s . In [21] it was shown that if dim C * (x 1 , . . . ,
Proof. It follows from the change of variables theorem that we can assume that x 1 , . . . , x n ≤ 1 and we can add 1 to the generating set, so we can assume that x 1 = 1. Since A/J MF (A) is finite-dimensional, there is a surjective unital * -homomorphism π : A → M d1 (C) ⊕ · · · ⊕ M ds (C) with ker π = J MF (A). It follows from Corollary 1 and [21] that
Suppose ω > 0. Claim: There is an ε 0 > 0 and k 0 , N 0 ∈ N such that, for every 0 < ε < ε 0 , every N ≥ N 0 , every k ≥ k 0 , and every A ∈ Γ top (x 1 , . . . , x n ; k, ε, P 1 , . . . , P N ) there is a canonical representation ρ :
and every unitary matrix U ∈ M km (C),
Note that any subsequence of A m has the same properties, so we can assume that there is a τ ∈ T MF (A) such that
We know from the definition of A m that
We now let α be a free ultrafilter on N, and we let (N , σ) be the tracial ultraproduct
It follows that, for every noncommutative polynomial p,
Hence π 0 : A → N defined by π 0 (p ( x)) = p ( y) is a unital * -homomorphism. Moreover, τ = σ • π 0 , and since σ is faithful on N , we have
Hence there is a unital * -homomorphism π 1 :
For each ε > 0 we can find positive rational numbers of the form
.
We define a canonical representation
It is clear that
It is clear that, as ε → 0 + , we have
It follows from [14] that there is an ε > 0 and a unitary element U ∈ N such that
We can write U = {U m } α , where each U m is a unitary matrix in M km (C). We then have
which implies there is an m such that
This contradiction implies that the claim is true. Now suppose 0 < ε < ε 0 , k ≥ k 0 , and N ≥ N 0 . Let S k denote the set of canonical representations ρ of M d1 (C) ⊕ · · · ⊕ M ds (C) in M k (C) with 1 − τ k (ρ (1)) < ω/4. As mentioned in the sentence before this theorem, the cardinality of S k is at most k s . Suppose ρ ∈ S k . Let r ρ = rank (1 − ρ (1)). We have
We know that the commutant C of the range of ρ is unitarily equivalent to the algebra
. It follows from a result of S. Szarek [39] (see [5] for an equally useful, but more elementary result) that there is a constant C (independent of k) and a set W ρ of unitary matrices with
such that, for every unitary matrix U there is a W ∈ W ρ and a unitary V in C ′ such that U − W V < ω/4. This inequality implies
Hence, for every A ∈ Γ top (x 1 , . . . , x n ; k, ε, P 1 , . . . , P N ) there is a ρ ∈ S k and a W ∈ W ρ such that
It clearly follows from the definition of δ top that
A C*-algebra A is residually finite dimensional (RFD ) if the finite-dimensional representations of A separate the points of A. Every RF D algebra is M F . Combining the preceding result with Corollary 1, we obtain the following theorem. For the details of the simple proof see the proof in the next section of a much stronger result (Corollary 4). Theorem 4. Suppose A is a nuclear MF C*-algebra and A/J MF (A) is an RF D algebra. Then, for any generators x 1 , . . . , x n of A , we have
MF-nuclear Algebras
Recall that a C*-algebra is nuclear if π (A)
′′ is hyperfinite for every representation π : A → B (M ) for some Hilbert space M . We will say that A = C * (x 1 , . . . , x n ) is MF-nuclear if π τ (A) ′′ is hyperfinite for every τ ∈ T MF (A). Since every MF-trace can be factored through A/J MF (A), it follows that if A/J MF (A) is nuclear, then A is MF-nuclear.
The following Theorem contains some properties of MF-nuclearity.
Theorem 5. Suppose A and B are C*-algebras. The following are true.
(1) If A is MF-nuclear, B is MF and π : A → B is a surjective * -homomorphism, then B is MF-nuclear. 
′′ ′′ is hyperfinite, since the C*-algebra generated by two commuting finite-dimensional (or nuclear) C*-algebras is a homomorphic image of their tensor products. Hence A ⊗ γ B is MF-nuclear.
(5). This follows from (4) and the fact [22, Proposition 3.1] that the minimal tensor product of two MF-algebras is MF if one of them is exact. (6) . Suppose {A n } n∈N is an increasing sequence of MF-algebras and A = [∪ n∈N A n ] − . We know from [2] that A is MF. Suppose ϕ ∈ T MF (A) with GNS construction (π, H, e). It follows from part (5) of Proposition 4 that ϕ|A n ∈ T MF (A n ) for each n ∈ N. Arguing as in the proof of part (4), we see that π (A n )
′′ is hyperfinite for each n ∈ N. Thus π (A) ′′ = ∪ n∈N π (A n ) ′′ −W OT is hyperfinite. Hence A is MF-nuclear.
The importance of hyperfiniteness is due to the fact that, in the presence of hyperfiniteness, δ 0 can be computed using covering numbers of unitary orbits. If
The following result is from [5] . 
Hence, for every s ≥ s 0 ,
It now follows from Theorem 6 and the definition of δ top (x 1 , . . . , x n ) that
In [17] it was proved that if A = C * (x 1 , . . . , x n ) is MF and nuclear, then δ top (x 1 , . . . , x n ) ≤ 1. We can actually prove this remains true when A is MFnuclear.
Proof. It follows from the change of variables theorem that we can assume that
where the size of the 0 matrix is smaller than
to be the smallest d ∈ N for which there exist a unitary U ∈ M k (C) such that, for some contractions
Claim: There is an ε 0 > 0, k 0 , N 0 , D ∈ N such that for every 0 < ε < ε 0 , and every k ≥ k 0 and N ≥ N 0 and every A ∈ Γ top (x 1 , . . . , x n ; N, ε, k) , we have 
−→ x.
We now let α be a free ultrafilter on N, and we let (N , ρ) be the tracial ultraproduct
Hence π : A → N defined by π (p ( x)) = p ( y) is a unital * -homomorphism. Moreover, we have
This gives a trace-preserving isomorphism between π (A) ′′ ⊆ N and π τ (A) ′′ (where π τ is the GNS representation for τ ). Since A is MF-nuclear, π τ (A) ′′ is hyperfinite.
By [36] (see also [16] ) N is a II 1 factor; thus, by [29] , there is a d ∈ N and a unital * -homomorphism η : M d (C) → N and w 1 , . . . , w n ∈ M d (C) such that w j ≤ y j ≤ x j < 1 for 1 ≤ j ≤ n, and
Since M d (C) has a unique tracial state, we know
We know that
But we also know
It follows from [14] that, for each m, there is a unitary U m ∈ U km such that
This contradiction implies the claim is true. It follows from the claim, for 0 < ε < ε 0 , k
with ω-· 2 -balls also covers Γ top (x 1 , . . . , x n ; N, ε, k) . We can choose an
, and we can choose an
Using the definition of δ top , we see that
The ideas in the proof of Theorem 8 easily yield the following result.
Corollary 3. Suppose A = C * (x 1 , . . . , x n ) is an MF-algebra and
A General Lower Bound
In the von Neumann algebra version of free entropy dimension, we know (see [26] and [5] ) that
The following result from [17] shows that the analog of this result for δ top is not true.
is an irreducible tuple of operators that are "scalar+compact" on a separable infinite-dimensional Hilbert space H. Then
There is still a hybrid version that is true. Recall that if π τ : A → B (H) and e make up the GNS construction for a tracial state τ on A, thenτ : π (A) ′′ → C is the faithful tracial state defined byτ (T ) = (T e, e).
Proof. First suppose b = π τ (f (x 1 , . . . , x x )) for some * -polynomial f = f * . There is an M > 0 such that for all operators A 1 , B 1 . . . , A n , B n with A j , B j ≤ x j + 1 for 1 ≤ j ≤ n, we have
Since τ ∈ T MF (A) , there is a sequence {m k } of positive integers and sequences {A 1k } , . . . , {A nk } with A 1k , . . . , A nk ∈ M m k (C) such that, for every * -polynomial p, lim k→∞ p (A 1k , . . . , A nk ) = p (x 1 , . . . , x n ) , and
It follows from the definition of M that, for any ω-net S for U A k , we have
However, it was shown in [5] that lim sup
Therefore we have shown that
′′ is arbitrary, it follows from the Kaplansky density theorem that there is a sequence {b k } of selfadjoint elements such that each b k is a * -polynomial in π τ ( x) such that b k ≤ b and such that b k → b in the * -strong operator topology, which implies that
Voiculescu proved that if x = x
* is an element of a von Neumann algebra with faithful trace τ , then
where P t is the orthogonal projection onto ker (x − t). If x has no eigenvalues, then δ 0 (x) = 1. It is well-known [29] that every selfadjoint element of a finite von Neumann algebra M has an eigenvalue if and only if M has a finite-dimensional invariant subspace.
Theorem 10. Suppose A = C * (x 1 , . . . , x n ) is an M F -algebra and either
(1) A has no finite-dimensional representations, or (2) A has infinitely many non-unitarily-equivalent finite-dimensional irreducible representations.
Proof. First suppose A has infinitely many non-unitarily-equivalent finitedimensional irreducible representations π 1 , π 2 , . . . . It follows from finite-dimensionality that, for each positive integer N , if we let
However, it follows from Corollary 1 that
Next assume that A has no finite-dimensional representations. Suppose τ ∈ T MF (A). Let (π, M, e) denote the GNS construction for τ , i.e., π : A → B (M ) is a unital * -homomorphism with a unit cyclic vector e such that, for every a ∈ A, we have τ (a) = (π (a) e, e). Let B = π (A)
′′ . Since A has no finite-dimensional representation, π (A) ′′ has no nonzero finite-dimensional invariant subspace. Hence there is an a = a * ∈ π (A) ′′ such that a has no eigenvalues. Therefore from Voiculescu's formula, δ 0 (a) = 1. By Theorem 9 we conclude δ top (x 1 , . . . , x n ) ≥ 1.
Corollary 4. If A is a unital residually finite-dimensional C*-algebra, then, for any generating set {x 1 , . . . , x n } of A, we have
If, in addition, A is MF-nuclear, then equality holds.
Corollary 5. Suppose A is a unital finitely generated M F C*-algebra and G is a finitely generated infinite abelian group and α : G → Aut (A) is a group homomorphism. If A⋊ α G is M F , then, for every set {x 1 , . . . , x n } of generators for A⋊ α G, we have
If, in addition, A is MF-nuclear, then
Proof. Since G is finitely generated, G is a direct sum of cyclic groups, and since G is infinite, at least one of these cyclic summands must be infinite. Thus G has generators u 1 , . . . , u m with |u 1 | = ∞, and G is the direct sum of the cyclic groups generated by each u k . If A⋊ α G has no finite-dimensional representations, then Theorem 9 implies δ top (x 1 , . . . , x n ) ≥ 1. Suppose π :
Since, for every a ∈ A and every u ∈ G, we have
it follows from the defining property of the crossed product that there is a representation π k : A⋊ α G → M d (C) such that π k |A = π and π k |G = τ k . It is clear that the range of π k equals the range of π, so each π k is irreducible. Since det (π k (u 1 )) = e 2πikθ det (π (u 1 )) , it follows that no two of the π k 's are unitarily equivalent. Again, from Theorem 10, we conclude δ top (x 1 , . . . , x n ) ≥ 1. If A is nuclear, then A⋊ α G is nuclear, so, by [17] , δ top (x 1 , . . . , x n ) ≤ 1; whence δ top (x 1 , . . . , x n ) = 1. Corollary 6. If A is a simple, MF-nuclear C*-algebra, then, for any generating set {x 1 , . . . , x n } of A, we have
Proof. We know the conclusion is true if A is finite-dimensional. If A is infinite-dimensional, the simplicity of A implies that A has no finite-dimensional representations, so, by Theorem 9, δ top (x 1 , . . . , x n ) ≥ 1. Since A is nuclear, we know from [17] 
Corollary 7. Suppose X is an infinite compact metric space and B is a finitely generated unital MF C*-algebra. Then, for every generating set {x 1 , . . . , x n } for C (X) ⊗ B, we have
If, in addition, B is MF-nuclear, then
Proof. If B has no finite-dimensional representations, then neither does C (X) ⊗ B. On the other hand if B has an irreducible finite-dimensional representation, then since X is infinite, C (X) ⊗ B has infinitely many inequivalent irreducible finite-dimensional representations; by Theorem 10, δ top (x 1 , . . . , x n ) ≥ 1.
is an MF-nuclear algebra and RFD, then
Example 1. Suppose B is a unital separable M F C*-algebra that is not nuclear, e.g., B = C * r (F 2 ), and let J = B ⊗ K ℓ 2 . Then J is singly generated [33] , and every tracial state vanishes on J . Let J + be the C*-algebra obtained by adjoining the identity to J and suppose N is a finitely generated nuclear MF C*-algebra. Then A = N ⊗J + is finitely generated and MF, but not nuclear. However,
Thus A/J MF (A) is isomorphic to N /J MF (N ), which is nuclear. Hence, A is MF-nuclear, so for every set {x 1 , . . . , x n } of generators of A, we have δ top (x 1 , . . . , x n ) ≤ 1.
Special Classes of C*-algebras
In this last section we consider two classes of C*-algebras that are important in our work 6.1. The Class S. We now consider the class S of separable M F C*-algebras for which every trace is an MF-trace, i.e., T S (A) = T MF (A). Recall that an AH C*-algebra is a direct limit of subalgebras of finite direct sums of commutative C*-algebras tensored with matrix algebras.
Theorem 12. The following are true for M F C*-algebras A = C * (x 1 . . . , x s ), B = C * (y 1 , . . . , y t ).
(1) A ∈ S if and only if every factor tracial state on A is an MF-trace. Proof. (1) . It was shown in [18] that the set of factor tracial states is the set of extreme points of T S (A). Since T MF (A) is compact and convex, (1) follows from the Krein-Milman theorem.
(2) . This is obvious from (1) since if τ is a factor tracial state, then π τ (1 ⊕ 0) is 1 or 0.
(3) . Suppose τ is a factor trace on A ⊗ ν B, and let (π τ , H, e) be the GNS construction for τ . Then π τ (A ⊗ ν B)
′′ is a factor von Neumann algebra with the traceτ . Since π τ (A⊗1) ′′ commutes with π τ (1 ⊗ B) ′′ , it follows that their centers are contained in the center of π τ (A ⊗ ν B) ′′ . Hence, both π τ (A⊗1) ′′ and π τ (1 ⊗ B) ′′ are factors. Let α, β, respectively, be the restriction of τ to π τ (A⊗1) ′′ , π τ (1 ⊗ B) ′′ . Moreover, there are traces α ∈ T S (A) and β ∈ T S (B) such that, for all a ∈ A and b ∈ B, τ (a ⊗ 1) = τ (π τ (a ⊗ 1)) = α (a) , and
′′ such that p + p 2 + · · · + p n = 1 and there
′′ and every b ∈ π τ (1 ⊗ B) ′′ . Whence, on A ⊗ ν B the trace τ = α ⊗ β. Since A, B ∈ S, we know that α and β are MF-traces. It follows from part (6) of Proposition 4 that τ = α ⊗ β is an MF-trace on A ⊗ B. It follows from statement (1) that A ⊗ B ∈ S.
(4) . The "only if" part follows from (3) and the "if" part is obvious. (5) . This follows from Lemma 2. (6) . A factor trace on a commutative C*-algebra is 1-dimensional, and hence, by Theorem 4, is an MF-trace.
(7). Suppose τ is a factor trace on B. It follows from [31] and [35] that τ can be extended to a factor state ϕ on A. Since ϕ is finite-dimensional, τ is finitedimensional, and hence τ ∈ J MF (A). It now follows from part (1) that A ∈ S.
(8) . Suppose D is a finite direct sum of commutative C*-algebras tensored with matrix algebras. Since every factor state on D is finite-dimensional, we know that every C*-subalgebra of D is in S. It follows from the definition of AH algebra and statement (5) that every AH algebra is in S.
(9). Every factor representation is a direct sum of copies of an irreducible representation. Thus every factor tracial state must be finite-dimensional, which, by Proposition 4, is an MF-trace. Hence A ∈ S.
. . , x n ) is MF-nuclear and A ∈ S, then
Remark 2. It seems unlikely that S contains every finitely generated unital MF C*-algebra. However, we have not yet been able to construct an MF C*-algebra with a trace that is not an MF-trace. This question is loosely related to Connes' famous "Embedding Problem", which asks if every separably acting finite von Neumann algebra can be tracially embedded in an ultrapower of the hyperfinite II 1 factor. This is known to be equivalent to the statement that, for every C*-algebra A = C * (x 1 , . . . , x n ) with a tracial state τ there is a norm-bounded sequence A k , with
Suppose Connes' Embedding Problem has a negative answer and no such sequence A k exists for C * (x 1 , . . . , x n ). We know from [2] that there is an MF-algebra B = C * (y 1 , . . . , y n ) and a unital * -homomorphism π : B → A such that π (y j ) = x j for 1 ≤ j ≤ n. Define a tracial state ρ : B → C by ρ = τ • π. If ρ is an M F -trace for B, there would be a sequence A k with A k , τ m k dist −→ ( y, ρ) .
However, for any polynomial p, we have ρ (p ( y)) = τ (p ( x)) , which would yield
Hence ρ is not an MF-trace for B.
6.2. The Class W. We now want to focus on the class W of all separable M F C*-algebras A such that J MF (A) = {0}. The main reason is the following immediate consequence of Corollary 9.
Proposition 6. Suppose A = C * (x 1 , . . . , x n ) is MF-nuclear and A ∈ S ∩W. Then δ top (x 1 , . . . , x n ) = 1 − 1 dim A .
Here are some basic properties of the class W.
Theorem 13. The following are true.
(1) If {A i : i ∈ I} ⊆ W, and A is a separable unital subalgebra of the C*-direct product i∈I A i , then A ∈ W.
(2) If A, B ∈ W and one of A and B is nuclear, then A ⊗ B ∈ W. Hence sup
is a C*-cross norm on A ⊗ B, but since one of A, B is nuclear, there is only one such norm. Hence T = sup τ ∈TMF (A⊗B) π τ (T ) , which implies A ⊗ B ∈ W. Statements (3), (4), (5) and (6) are obvious. (7) . Let A = K ℓ 2 + C1. We know that there is no nonzero continuous trace on the algebra K ℓ 2 of compact operators, which means A / ∈ W. However, if {P n } is an increasing sequence of finite-rank projections converging to 1 in the strong operator topology, then A is the direct limit of the finite-dimensional algebras A n = P n K ℓ 2 P n + C1.
Although characterizing the class W may be difficult, the following problem should be tractable in terms of Brattelli diagrams. Without the restriction of being in S in the preceding theorem, the semicontinuity situation is not very good, even when the limit algebra is commutative. Proof. Suppose s ∈ N. Suppose H is a separable Hilbert space that contains C k for each positive integer k, and let I k be the identity operator on H ⊖ C k . Since δ top (x 1 , . . . , x n ) is defined, there is a positive integer k and an B ∈ M k (C) n such that p B − p ( x) < 1 s for every * -polynomial p ∈ P s (t 1 , . . . , t n ) (i.e., whose degree and maximum coefficient modulus do not exceed s). Let T j = A j ⊕ α (x j ) I k for 1 ≤ j ≤ n. Then we clearly have p T − p ( x) < 1 s for every * -polynomial p ∈ P s (t 1 , . . . , t n ). It is obvious that the set of all S = (S 1 , . . . , S n ) ∈ (K (H) + C1) n such that p S − p ( x) < 1 s for every * -polynomial p ∈ P s (t 1 , . . . , t n ) is open. It follows from [24] there is an 
